The concept of fixed points of a mapping is known. A new concept of fixed points of a sequence of mappings is introduced. Some results that are similar to the Banach contraction principle are obtained. A result for asymptotically nonexpansive type mappings is also obtained.
Introduction
The Banach contraction principle confirms the existence of a fixed point of a contraction mapping from a complete metric space into itself. S. B. Nadler, Jr. [5] proves that a sequence of fixed points corresponding to a uniformly converging sequence of contraction mappings with a common Lipschitz constant converges to a fixed point of the limit function of the mappings on a complete metric space. This article [5] motivates to propose a definition of a fixed point of a sequence of mappings defined on a topological space. Let us recall that a fixed point of a mapping f : X −→ X on a nonempty set X is a point x in X that satisfies the relation f (x) = x. This is an open access article under the CC BY license http://creativecommons.org/licenses/by/4.0/ Definition 1.1. Let f n : X −→ X, n = 1, 2, 3, . . . be a sequence of mappings on a topological space X. A point x ∈ X is said to be a fixed point of the sequence ( f n ) ∞ n=1 of mappings, if f n (x) converges to x as n −→ ∞.
If f n = f for every n, for some fixed f , then a point is a fixed point of the sequence ( f n ) ∞ n=1 when and only when it is a fixed point of the mapping f . Also, if f n converges to f pointwisely, then a point is a fixed point of the sequence ( f n ) ∞ n=1 when and only when it is a fixed point of the mapping f . These facts justify the proposed definition 1.1. This definition requires some modifications for purposes of the present article.
A notation to be used in this article is (X, (d i ) i∈I ). This means that a nonempty set X is endowed with a family of semi metrics d i , i ∈ I on X (i.e., d i (x, y) = 0 need not imply x = y) such that the topology induced by the subbase of all open balls generated by all d i is Hausdorff. Since X endowed with this topology is a Tychonoff space, (X, (d i ) i∈I ) will be called as a Tychonoff space in this article. A sequence (x n ) ∞ n=1 in X is said to be Cauchy in (X, (d i ) i∈I ), if d i (x n , x m ) −→ 0 as n, m −→ ∞, for every i ∈ I. Let us say that a sequence (
Let us modify the definition 1.1, for a Tychonoff space and this is to be followed in the present article. Definition 1.2. Let (X, (d i ) i∈I ) be a Tychonoff space. A sequence of mappings f n : X −→ X, n = 1, 2, 3, . . . is said to have a fixed point x in X, if ( f n (x)) ∞ n=1 converges to x in (X,
The concepts and results of the present article are based on (d i ) i∈I and not only on the topology induced by (d i ) i∈I . Some fixed point results are obtained for sequences of "contractions" and " asymptotically nonexpansive mappings". In the next Section 2, results are obtained for "contractions" on metric spaces. In Section 3, results are obtained for "asymptotically nonexpansive mappings". Uniformly convex Banach spaces with their modulii of convexity are considered in Section 3. For definitions and properties of these concepts, let us refer to the book [1] .
Let K be a nonempty bounded closed convex subset of a uniformly convex Banach space. Let T : K −→ K satisfies ||T n (x) − T n (y)|| ≤ k n ||x − y||, ∀x, y ∈ K, for every n = 1, 2, ..., where k n > 1 are numbers such that k n −→ 1 as n −→ ∞. Then the fixed point set of T is nonempty closed and convex. This is a result obtained by K. Goebel and W. A. Kirk [2] . G. B. Passty [6] considers a sequence of mappings T n : K −→ K that satisfy ||T n (x) − T n (y)|| ≤ k n ||x − y||, ∀x, y ∈ K, for every n, where k n > 1 and k n −→ 1 as n −→ ∞. This is further considered in Section 3.
Contractions
Theorem 2.1. Let (X, (d i ) i∈I ) be a sequentially complete Tychonoff space. To each i ∈ I, let (α ni ) ∞ n=1 be a sequence of positive reals such that
n=1 be a sequence of nonnegative reals such that
Suppose further that, for each i ∈ I, there is a constant M i such that d i (x, y) ≤ M i , ∀x, y ∈ X. Let f n : X −→ X, n = 1, 2, 3, . . . be a sequence of mappings such that
. . (with f 0 as identity mapping, or ∀n = 2, 3, . . . ), ∀x, y ∈ X, ∀i ∈ I. For given x 0 ∈ X, let a sequence x 1 , x 2 , x 3 , . . . be defined by x n = f n (x n−1 ). Then the sequence (x n ) ∞ n=1 converges to a fixed point x * of the sequence ( f n ) ∞ n=1 . Also, for every i ∈ I, we have
Moreover x * is the unique fixed point of the sequence ( f n ) ∞ n=1 .
Proof. Note that
Therefore, for n > m ≥ 1, we have
So, by our assumption on (α ni ) ∞ n=1 and (β ni ) ∞ n=1 , the sequence (x n ) ∞ n=1 becomes a Cauchy sequence. Let (x n ) ∞ n=1 converge to x * in X. Now,
Thus ( f n (x * )) ∞ n=1 converges to x * as n −→ ∞, because α 1i α 2i · · · α ni −→ 0 and γ ni −→ 0 as n −→ ∞. Note that (2) follows from (3) . If x and y are two fixed points of the sequence ( f n ) ∞ n=1 , then
which converges to 0 as n −→ ∞. Thus d i (x, y) = 0, for all i ∈ I and hence x = y. This proves the uniqueness of the fixed point of ( f n ) ∞ n=1 .
A strategy of the article [4] is applied now to derive the following extension.
, i ∈ I and M i , i ∈ I be as in the theorem 2.1. Let A 1 , A 2 , . . . , A p be a finite number of nonempty sequentially complete subsets of X such that
. . be a sequence of mappings such that to each n, we have f n (A k ) ⊆ A k+1 for every k = 1, 2, . . . , p, with A p+1 = A 1 . Suppose further that (1) holds for n = 2, 3, . . . , for x ∈ A k and y ∈ A k+1 , k = 1, 2, . . . , p and for i ∈ I. For given x 0 ∈ X, let a sequence x 1 , x 2 , . . . be defined by x n = f n (x n−1 ).
Then the sequence (x n ) ∞ n=1 converges to a fixed point x * of the sequence ( f n ) ∞ n=1 . Also, this fixed point is unique in X.
Proof. The arguments of the proof of the previous theorem 2.1 imply that the sequence (x n ) ∞ n=1 converges to a point x * of the sequence ( f n ) ∞ n=1 . Since each A k contains a subsequence of (x n ) ∞ n=1 and since each A k is sequentially complete, x * ∈ A k for every k. So,
A k is nonempty. Now again the arguments used in the proof of the previous theorem show that x * is a fixed point of the
A k . Now, uniqueness of the fixed point x * in X follows from the uniqueness part of the previous theorem 2.1 applied to
Let CB(X) denote the collection of all nonempty closed bounded subsets of (X, (d i ) i∈I ). To each i ∈ I and each A, B ∈ CB(X),
. Then H i is a Hausdorff semi metric on CB(X). Moreover, (CB(X), (H i ) i∈I ) is a Tychonoff space (see Example 2.15 in [1] for arguments). With these notations, let us define fixed points for sequences of set valued mappings. Definition 2.3. Let f n : X −→ CB(X), n = 1, 2, . . . be a sequence of set valued mappings. A point x ∈ X is defined as a fixed point of the sequence
Although the definition 2.3 is stated for a general Tychonoff space, the next result is obtained only for a metric space.
Theorem 2.4. Let (X, d) be a bounded complete metric space. Let H be the Hausdorff metric defined on CB(X) by d. Let (α n ) ∞ n=1 be a sequence of positive numbers such that
Let f n : X −→ CB(X), n = 1, 2, . . . be a sequence of mappings such that
. . , and for all x, y ∈ X. Then there is a fixed point of the sequence ( f n ) ∞ n=1 in X.
Fix
By our assumption on (α n ) ∞ n=1 and (β n ) ∞ n=1 , the sequence (y n ) ∞ n=1 converges to some y * in (X, d). For any z n ∈ f n (y * ) and u n+1 ∈ f n+1 (x n ), we have
Since α 1 α 2 · · · α n −→ 0, γ n −→ 0 and y n+1 −→ y * as n −→ ∞, d( f n (y * ), y * ) −→ 0 as n −→ ∞. Thus y * is a fixed point of the sequence ( f n ) ∞ n=1 .
Theorem 2.5. Let (X, d), H, (α n ) ∞ n=1 and (β n ) ∞ n=1 be as in the previous theorem 2.4. Let A 1 , A 2 , . . . , A p be a finite number of nonempty closed subsets of X such that X = A 1 ∪ A 2 ∪ · · · ∪ A p . Let f n : X −→ CB(X), n = 1, 2, . . . be a sequence of mappings such that f n (x) ⊆ A k+1 whenever x ∈ A k , ∀k = 1, 2, . . . , p, with A p+1 = A 1 . Suppose further that (4) holds for n = 2, 3, . . . , for x ∈ A k and y ∈ A k+1 , k = 1, 2, . . . , p. Then there is a fixed point of the sequence ( f n ) ∞ n=1 in X.
Proof. Suppose d(x, y) ≤ M, ∀x, y ∈ X, for some M > 0. Find points x 1 , x 2 , . . . in X such that
2 n , for n ≥ 1. Now the proof of the previous theorem 2.4 implies that (y n ) ∞ n=1 converges to some y * in X so that
A k and ∀n ≥ 1.
Now the previous theorem 2.4 can be applied to prove the existence of a fixed point of ( f n ) ∞ n=1 , when it is applied to p k=1 A k . Also, the proof of the previous theorem implies that y * is a fixed point of ( f n ) ∞ n=1 in X.
Theorem 2.6. Let (X, (d i ) i∈I ) and (M i ) i∈I be as in theorem 2.1. To each i ∈ I, let α i ∈ (0, 1). Let k be a fixed positive integer. Let f n : X −→ X, n = 1, 2, . . . be a sequence of mappings such that
for n ≥ k + 1. For given x 0 ∈ X, let a sequence x 1 , x 2 , . . . be defined by x n = f n (x n−1 ), n = 1, 2, 3, . . . . Then the sequence (x n ) ∞ n=1 converges to a fixed point x * of the sequence ( f n ) ∞ n=1 . Also, for every i ∈ I, we have
for m ≥ k + 1. Moreover x * is the unique fixed point of the sequence ( f n ) ∞ n=1 .
Proof. Note that for n ≥ k + 1 we have
k ] is the integer part of n−1 k and when the last inequality is derived by successive application of (5) with a notification that maximum of a finite set is reached at some member of the set. Therefore, for
Since α i ∈ (0, 1), the sequence (x n ) ∞ n=1 becomes a Cauchy sequence. Let (x n ) ∞ n=1 converge to x * ∈ X. Now,
implies the uniqueness of the fixed point of ( f n ) ∞ n=1 .
Theorem 2.7. Let (X, (d i ) i∈I ), (α i ) i∈I and (M i ) i∈I be as in theorem 2.6. Let A 1 , A 2 , . . . , A p and f n : X −→ X, n = 1, 2, . . . be as in theorem 2.2. Suppose further that (5) holds for some k, for n = k + 1, k + 2, . . . , for
x ∈ A r+1 and y ∈ A r , r = 1, 2, . . . , p and for i ∈ I (with A p+1 = A 1 ). For given x 0 ∈ X, let a sequence x 1 , x 2 , . . . be defined by x n = f n (x n−1 ), n = 1, 2, . . . . Then the sequence (x n ) ∞ n=1 converges to a fixed point of the sequence ( f n ) ∞ n=1 . Also, this fixed point is unique in X.
Proof. The arguments of the proofs of the theorem 2.2 and the theorem 2.6 are applicable.
The theorems 2.6 and 2.7 correspond to theorems 2.1 and 2.2 for a new type of mappings. The following theorems 2.8 and 2.9 correspond to theorems 2.4 and 2.5. One can modify the arguments to get required proofs.
Theorem 2.8. Let (X, d), H and CB(X) be as in theorem 2.4. Let α ∈ (0, 1) be a given number. Let k be a fixed positive integer. Let f n : X −→ CB(X), n = 1, 2, . . . be a sequence of mappings such that for n ≥ k + 1, we have
for all n = k + 1, k + 2, , . . . and for all x, y ∈ X. Then ( f n ) ∞ n=1 has a fixed point in X.
Theorem 2.9. Let (X, d), H, CB(X) and α be as in theorem 2.8. Let A 1 , A 2 , . . . , A p be a finite number of nonempty closed subsets of (X, d) such that X = A 1 ∪ A 2 ∪ · · · ∪ A p . Let f n : X −→ CB(X), n = 1, 2, . . . be a sequence of mappings such that f n (x) ⊆ A r+1 whenever x ∈ A r , ∀r = 1, 2, . . . , p, when A p+1 = A 1 . Let k be a positive integer. Suppose further that (8) holds for n = k + 1, k + 2, . . . , for x ∈ A r and y ∈ A r+1 , r = 1, 2, . . . , p. Then there is a fixed point of the sequence ( f n ) ∞ n=1 in X.
, i ∈ I and (γ ni ) ∞ n=1 , i ∈ I be as in the theorem 2.1.
n=1 is bounded and (β ni ) ∞ n=1 converges to 0, for every i ∈ I. Let f n : X −→ X, n = 1, 2, . . . be a sequence of mappings such that
∀i ∈ I, ∀x, y ∈ X, ∀n = 1, 2, . . . . For given x 0 ∈ X, let a sequence x 1 , x 2 , . . . be defined by x n = f n (x n−1 ). Then the sequence (x n ) ∞ n=1 converges to a fixed point x * of the sequence ( f n ) ∞ n=1 . Also, for every i ∈ I,
Moreover, if y 0 ∈ X, y n = f (y n−1 ), n = 1, 2, . . . and d i (y n , y * ) −→ 0 as n −→ ∞, for every i ∈ I, for some y * ∈ X, then x * = y * .
So, by our assumption on (α ni ) ∞ n=1 and (β ni ) ∞ n=1 , the sequence (x n ) ∞ n=1 becomes a Cauchy sequence. Let (x n ) ∞ n=1 converge to x * ∈ X. Then we have
converges to zero, for every i ∈ I. Note that (10) follows from (11).
When y 0 ∈ X and y n = f n (y n−1 ), n = 1, 2, . . . , we have
So, if d i (y n , y * ) −→ 0 as n −→ ∞, ∀i ∈ I, for some y * ∈ X, then we have x * = y * , because α 1i α 2i · · · α ni −→ 0 and γ ni −→ 0 as n → ∞, ∀i ∈ I. This proves the theorem.
Lemma 2.11. Let (X, (d i ) i∈I ) be a Tychonoff space. To each i ∈ I, let (β ni ) ∞ n=1 be a sequence of nonnegative numbers that converges to 0 as n −→ ∞. To each i ∈ I, let (α ni ) ∞ n=1 be a sequence of positive numbers such that lim sup n−→∞ α ni < 1. Suppose ( f n ) ∞ n=1 be as in the previous theorem 2.10. Then the sequence ( f n ) ∞ n=1 can have at most one fixed point if it exists.
Proof. Suppose x, y ∈ X be such that
So, if x = y, then the assumption on α ni and β ni would imply d i (x, y) < d i (x, y) for every i ∈ I for which d i (x, y) = 0. This proves that x = y. Corollary 2.12. Let (X, (d i ) i∈I ), (α ni ) ∞ n=1 , i ∈ I, (β ni ) ∞ n=1 and f n for n = 1, 2, . . . be as in theorem 2.10. Assume that β ni −→ 0 as n −→ ∞, for every i ∈ I. Suppose further that (α ni ) ∞ n=1 is a sequence such that lim sup
for every i ∈ I. Then the sequence ( f n ) ∞ n=1 has a unique fixed point in X.
Proof. The proof follows from theorem 2.10 and lemma 2.11
If y = x and if β ni = 0, for every n and for every i, then (9) implies that f n (x) = f n+1 (x) and so theorem 2.10 provides a result for a single function. The following result for a single function based on a strategy of the article [4] seems to be new. be a mapping such that f (x) ⊆ A k+1 for x ∈ A k , k = 1, 2, . . . , p, with
αd(x, y), for all x ∈ A k , for all y ∈ A k+1 , k = 1, 2, . . . , p and for some α ∈ (0, 1). Then f has a fixed point x * in X.
That is x * ∈ f (x * ).
Proof. Fix x 0 ∈ X and x 1 ∈ f (x 0 ). Then we find x n+1 ∈ f (x n ), n = 1, 2, . . . , successively such that
converge to x * . Since each A k contains a subsequence of (x n ) ∞ n=1 and A k is closed, x * ∈ A k , ∀k = 1, 2, . . . , p. Thus 
Asymptotically Nonexpansive Mappings
The arguments of K. Goebel and W. A. Kirk [2] (see also Chapter 5 in [1] ) are modified to obtain the following fixed point result.
Theorem 3.1. Let K be a nonempty closed convex and bounded subset of a uniformly convex Banach space (X, || ||).
Let (k n ) ∞ n=1 be a sequence of numbers greater than 1 such that k n −→ 1 as n −→ ∞. Let (β n ) ∞ n=1 be a sequence of nonnegative numbers that converges to 0. Let T n : K −→ K, n = 1, 2, . . . be mappings that satisfy ||T n+i (x) − T n (y)|| ≤ k n ||T i (x) − y|| + β n , for all positive integers i and n and for all x, y ∈ K. Then there is a fixed point of the sequence (T n ) ∞ n=1 . Moreover, the set of all fixed points of (T n ) ∞ n=1 is a closed subset of K.
Proof.
For each x ∈ K and r > 0, let B(x, r) = {y ∈ X : ||x − y|| ≤ r}. Let y ∈ K be fixed. Let ρ 0 be the infimum of all ρ > 0 such that K ( Let x ∈ C be fixed. Suppose (T n (x)) ∞ n=1 does not converge to x. Then there exists > 0 such that for every given positive integer n, there is another integer m > n such that ||T m (x) − x|| ≥ . For m > n, we have ||T n (x) − T m (x)|| ≤ k n ||x − T m−n (x)|| + β n . Assume ρ 0 > 0 and choose α > 0 so that 1 − δ ρ 0 +α (ρ 0 + α) < ρ 0 , where δ is the modulus of convexity of the given uniformly convex Banach space. Select n so that ||x − T n (x)|| ≥ and also so that
Thus by uniform convexity of X, if m > n 0 , we have
This contradicts the definition of ρ 0 . Hence we conclude that ρ 0 = 0 or T m (x) −→ x as m −→ ∞. Thus T p (x) −→ x as p −→ ∞. In any case, we have the conclusion T m (x) −→ x as m −→ ∞, for any fixed x ∈ C. Thus x is a fixed point of the sequence (T m ) ∞ m=1 , for any x ∈ C = ∅. Let (x n ) ∞ n=1 be a sequence of fixed points of (T m ) ∞ m=1 such that x n −→ x as n −→ ∞ to some x in K. Fix > 0. Find an integer j such that k n ||x j − x|| ≤ 8 , ∀n. Find an integer i 0 such that k n ||T i (x j ) − x j || ≤ 8 , ∀i ≥ i 0 , ∀n. Then k n ||T i (x j ) − x|| ≤ 4 , ∀i ≥ i 0 , ∀n. Find an integer n 0 such that β n ≤ 2 , ∀n ≥ n 0 . Then we have ||T n (x) − x|| ≤ ||T n+i (x j ) − x|| + ||T n+i (x j ) − T n (x)|| ≤ ||T n+i (x j ) − x|| + k n ||T i (x j ) − x|| + β n ≤ , ∀n ≥ n 0 , ∀i ≥ i 0 . This proves that x is also a fixed point of (T m ) ∞ m=1 . So, the fixed points of (T m ) ∞ m=1 form a closed subset of K.
Corollary 3.2.
Let us assume all assumptions of the previous theorem 3.1. Suppose further that ||T i (x) − T i (y)|| ≤ k i ||x − y|| + β i , ∀x, y ∈ K, ∀i = 1, 2, . . . . Then the fixed points of (T n ) ∞ n=1 form a nonempty closed convex subset of K.
Proof. Let δ denote the modulus of convexity of X. Consider two fixed points x and y of (T n ) ∞ n=1 . Write z = x+y 2 . To complete the proof, it will be shown that z is also a fixed point of (T n ) ∞ n=1 . There is a sequence Thus ||z − T i (z)|| −→ 0 as i −→ ∞ and the corollary is proved.
